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The numerical modeling of ultrasonic wave propagation in elastic so-
lids is particularly attractive for NDT applications because of the re-
lative ease with which the boundaries of realistic defect shapes and test-
ing geometries can be handled. A two-dimensional explicit finite element 
code [1] has been developed for this purpose. 
As a necessary step in developing a generally applicable numerical 
formulation, it is important to confirm the existing 2-D finite element 
algorithm quantitatively. This paper describes a comparative study of the 
finite element simulation of ultrasound propagation in an isotropic, homo-
geneous half-space with the associated analytical solutions based on the 
Cagniard-de Hoop formulation [2,3]. 
Even though considerable background material exists in the literature, 
a complete formal statement of this NDE problem, together with a discuss-
ion of its numerical implementation, is given in this paper because of its 
potential importance as a benchmark against which any future numerical NDE 
codes can be compared. 
Analytical Point Source Model on a Half-Space 
As outlined in [4], the problem of analytically investigating a point 
source excitation on a half-space can be cast in cylindrical coordinates 
(r,6,z) by specifying the T22 component of the stress tensor on the half-
space z>O as 
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where H(t) denotes the unit step funct ion. The homogeneous governing 
equation of motion is given by 
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where c1 dnd c represent compressional and shear velocities. The decom-
position of th~ displacement vector into scalar and vector potential 
u = V~ + Vx~ and employing a spatial Hankel and temporal Laplace transform 
in conjunction with the Cagniard-de Hoop inversion formalism [4,5] yields, 
after some lengthy derivations, the point source displacement response 
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Here H(t-t1) and H(t-tk) are2unit step functions 
and tk = r/c1 + z( l/c 2-l/c1 ). Re and im denote 
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2 2 2 Furthermore, the Rayleigh function is specified as R(y1 ,ys) = (y1 +nL ,s ) -
2 4n1 y1y . Solutions to (3) and (4) can be readily obtained thr0ugh nu-meri~al ifitegration. However care has to be exercised in computing the 
second integral contributions due to the singularity in the term on /ot. 
In addition, points located directly on the surface cannot be compu~ed due 
to the occu<rence of the Rayleigh pole. 
Line Source Model for the Elastic Half-Space 
In order t o make the analyt ical point source predictions comparable t o 
a 2-D plane-strain finite element model, the step responses (3),(4) have 
to be investigated along the x-axis (Fig . 1) to simulate a 2-D situation 
for the x = 0 plane. The integration for the displacement step response in 
z and y direction yields the following line source response 
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Since a numerical integration along the x-axis can only be performed for a 
large but not infinite value of x, a trade-off exists between the points 
of observation in the x=O plane and the length of the line. Obviously, as 
the field point is placed further away from the origin, more point sources 
have to be included along the line, resulting in additional numerical com-
putation. 
As a final step, a realistic transducer signal can be generated by con-
volving the step line source response with the time derivative of a trans-
ducer driving voltage v(t) 
dv(t) 
u(z,y,t) = ~ * Lu(y,z,t) (7) 
where u, L are vector quantities with components in the y,z, directions, 
and * denoges convolution. 
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Fig. 1. 2-D line source excitation as an assembly of 3-D point sources . 
Numerical Modeling Aspects 
These analyt ical displacement responses can be utilized as a "testbed" 
or calibration for the 2-D elastodynamic fini t e element code [1,6]. In 
order to simulate the isotropic, elastic half-space, a finite mesh is cre-
ated whose dimensions are large enough so that reflected wavefronts from 
the surfaces do not inte rfere with the original pulse propagation. For 
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Fig. 2. Solution domain for finite element simulation. For symmetry 
reasons only upper half of Y-axis is considered. 
symmetry reasons only half the solution domain is discretized as shown in 
Figure 2. The finite element code involves an explicit time stepping al-
gorithm with a chosen step size of T = 10 nanoseconds. The spatial do-
main is discretized into 62,500 equally sized quadrilateral elements or 
63,001 nodes. Based on a 1 MHz center frequency signal, the discretizat-
ion results in approximately 32 nodes per longitudinal wavelength and 16 
nodes per shear wavelength. 
Comparison of Line Source Excitations 
Both analytical and numerical displacement predictions of the line 
source excitation on an isotropic half-space can now be easily compared. 
In Figures 3a to 3d, comparisons are given for both the analytical and nu-
merical responses for a few selected nodes. Owing to the finite number of 
point sources assembled into a line source, a slight rippling effect oc-
curs in the analytical results. This fact does not, however, affect the 
excellent quantitative agreement of both approaches. I n general, both 
methods yield precise displacement agreement throughout the solution do-
main, provided the finite element mesh is large enough to avoid signal 
contamination due to back reflections. 
The importance of these verification studies is underlined by the ob-
servation that if the area of the elements are quadrupled, i.e., to 31, 250 
elements (16 nodes per longitudinal wavelength and 8 nodes per shear wave-
length), the signal predictions a re still correct in terms of arrival time 
fo r the pulses, however the shape or signature of the pulse de teriorates . 
For this particular discretization, the longitudinal wavefront shows good 
agr eement but the shear wavefront does not agree with the analytical pre-
dictions. 
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CONCLUSIONS 
This paper provides a calibration scheme based on the Cagniard-de Hoop 
method for testing the 2-D numerical, finite element, elastodynamic formu-
lation. The advantage of the Cagniard-de Hoop method is related to the 
fact that an explicit analytical solution to time domain pulsed excitat-
ions on an isotropic half-space can be obtained. The resulting displace-
ment predictions allow much-needed, precise comparison for numerical 
schemes such as finite elements, finite differences and boundary elements, 
and provide a benchmark against which future NDT wave propagation codes 
can be compared. 
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